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ABSTRACT
This work explores the orbital distribution of minor bodies in the outer Solar System emplaced as a
result of a Nice model migration from the simulations of Brasser & Morbidelli (2013). This planetary
migration scatters a planetesimal disk from between 29-34 AU and emplaces a population of objects
into the Kuiper belt region. From the 2:1 Neptune resonance and outward, the test particles analyzed
populate the outer resonances with orbital distributions consistent with trans-Neptunian object (TNO)
detections in semi-major axis, inclination, and eccentricity, while capture into the closest resonances
is too efficient. The relative populations of the simulated scattering objects and resonant objects
in the 3:1 and 4:1 resonances are also consistent with observed populations based on debiased TNO
surveys, but the 5:1 resonance is severely underpopulated compared to population estimates from
survey results. Scattering emplacement results in the expected orbital distribution for the majority
of the TNO populations, however the origin of the large observed population in the 5:1 resonance
remains unexplained.
1. INTRODUCTION
The trans-Neptunian objects (TNOs) populate the re-
gion beyond Neptune, and the specifics of their forma-
tion location and evolutionary history are the subject
of much study. Early ideas of a quiescent belt, surviv-
ing beyond the giant planets, ware clearly incomplete
based on the orbital characteristics of the early TNO
discoveries (Levison et al. 2008). Even the first known
TNO, Pluto, has large eccentricity and inclination; the
TNOs must have been dynamically evolved in the past
(Malhotra 1995). The TNO population has dynami-
cally excited eccentricity and inclination distributions,
and the objects extend out to large semi-major axes. In
addition, the resonant populations are much larger than
expected for a Kuiper belt which experienced no dy-
namical sweeping or scattering. The over-population of
objects in resonance is an indicator of a previous dynam-
ical instability affecting the outer Solar System (Malho-
tra 1993, 1995; Hahn & Malhotra 2005; Gomes et al.
2005; Levison et al. 2008).
The relative sizes and physical properties of the sub-
populations in the Kuiper belt hold clues to the region’s
evolutionary history. The sizes of the 3:2 and 2:1 reso-
nant populations compared to the classical Kuiper belt
and the relative sizes of the cold and hot classical popu-
lations are dependent on the specifics of the dynamical
evolution (e.g. Malhotra 1995; Chiang & Jordan 2002;
Nesvorny´ 2015b). Some regions of the Kuiper belt have
different physical properties; for example, the cold clas-
sical objects, with a less excited inclination distribution,
have a steeper size distribution than the hot classical
objects (Bernstein et al. 2004). The surface colors of
TNOs are also correlated with their dynamics; differ-
ent color distributions correspond to different dynam-
ical sub-populations (e.g. Tegler et al. 2003). Brown
et al. (2012) suggests that the surface colors of TNOs
could be produced by forming these objects interior to
their present location and moving them outward to their
current orbits. The outer Solar System population char-
acteristics are complex and provide clues about the for-
mation and evolution of the Solar System.
An acceptable model of Solar System evolution will
reproduce these aspects of the TNO population. A dy-
namical instability of the giant planets can increase both
the eccentricity and inclination of small bodies and scat-
ter a large number of TNOs into resonance (Levison
et al. 2008). A slow migration of Neptune outward would
capture TNOs into mean motion resonances (Malhotra
1995). This slow sweeping pumps up the eccentricity of
captured TNOs without significantly altering their peri-
center distances. The large binary fraction of some sub-
populations of TNOs favors a slow or minimal migration
because these binaries are likely to have been disrupted
by more violent scattering interactions (Parker & Kave-
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2laars 2010). Smooth migration scenarios typically result
in TNO populations which are not sufficiently dynami-
cally excited in inclination, and the possibility of more
granular and less smooth migration models have been
explored (Hahn & Malhotra 2005; Nesvorny´ 2015b).
Thommes et al. (1999) suggested that the early config-
uration of giant planets was dynamically unstable. The
early incarnations of rapid planetary migration models
are known as the ‘Nice model’ (Tsiganis et al. 2005;
Morbidelli et al. 2005; Gomes et al. 2005). In these sce-
narios, there is a large dynamical instability, such as
Saturn and Jupiter crossing their 2:1 mean motion res-
onance, scattering Uranus and Neptune, which subse-
quently scatter small bodies, emplacing the TNOs and
Oort cloud and causing the Late Heavy Bombardment.
This scenario also results in capture of the Jovian Trojan
asteroids (Morbidelli et al. 2005). This more rapid plan-
etary scattering event results in different characteristics
of captured objects as compared to a smooth migration
model.
A detailed comparison of TNO detections and nu-
merical simulation results requires a carefully observed
Kuiper belt in addition to a well-sampled simulation.
Several recent surveys of the Kuiper belt have attempted
to provide TNO discoveries with known discovery biases
(Schwamb et al. 2010; Petit et al. 2011; Adams et al.
2014; Alexandersen et al. 2016; Bannister et al. 2016;
Petit et al. 2016). These surveys characterize their dis-
covery biases to facilitate comparison with population
models.
This work explores the specific effects of the ‘Nice’
model scenario on the scattering and resonant TNO pop-
ulations in detail. As a generic exploration of outer Solar
System evolution, the predicted TNO populations from
the Nice migration simulation by Brasser & Morbidelli
(2013) are tested against the real TNO detections from
Petit et al. (2011, 2016) and Alexandersen et al. (2016).
The combination of real detections and characterizations
from the surveys and a survey simulator provides a pow-
erful tool for comparing an external model to the survey
detections. The simulation and test particle classifica-
tion are discussed in Section 2. An explanation of the
survey simulator debiasing procedure is provided in Sec-
tion 3. Section 4 presents the results of the classifica-
tion and analysis; the B&M model of the Kuiper belt,
as a proxy for the scattering that likely occurs in a Nice
model type scenario, does a reasonable job of populat-
ing the outer Solar System scattering components and
resonances beyond a ∼ 45. The notable exception is the
5:1 population, which is not well reproduced in this sce-
nario, independent of the results from Pike et al. (2015).
The discussion and conclusions are presented in Section
5.
2. MIGRATION MODEL
The model from Brasser & Morbidelli (2013)1 is ex-
amined here, referred to as the B&M simulation. The
B&M simulation is considered as an example of a Nice
model type scenario and used to assess the accuracy
of this model in producing the scattering and resonant
TNO populations. The TNO comparison population is
from the Canada-France Ecliptic Plane Survey (CFEPS;
Petit et al. 2011, 2016) and the Alexandersen et al.
(2016) survey. Using a dynamical simulated model from
a source external to the observational survey results pro-
vides a useful test of the orbital distribution models
created by the survey team. This work focuses on the
‘scattered disk’ portion of the B&M simulation– all par-
ticles beyond Neptune and interior to the Oort cloud
(a < 3, 000 AU).
Brasser & Morbidelli (2013) use a Nice model frame-
work to populate the scattered disk and Oort cloud and
determine the relative sizes of these populations. This
Nice model migration includes a dynamical instability
following the removal of the gas in the Solar System’s
protoplanetary disk, after the last encounter between
the ice giants. The planetary evolution track from Lev-
ison et al. (2008) ‘Run A’ was repeated, which starts
with Neptune at 27.5 AU with an eccentricity of 0.3 and
Uranus at 17.5 AU and an eccentricity of 0.2. Uranus
migrates outward to ∼19 AU and Neptune migrates to
∼31 AU over ∼ 100 Myr. At the end of the simula-
tion, Neptune is slightly beyond its true position, at
30.8 AU instead of 30.1 AU, however this was left un-
changed during the simulation to avoid disrupting res-
onant objects and all objects were rescaled after com-
pletion. The 30,000 test particle initial locations were
29 < a < 34 AU (based on the final position of Nep-
tune, this rescales to 28.2 < a < 33.2 AU), i < 1◦,
and e = 0.15. The eccentricity of the test particle ini-
tial conditions results from the eccentricity of the outer
planets (Levison et al. 2008). Each test particle was
initially given unique position and velocity vectors. For
the scattered disk component, after the planet migration
was completed, all test particles beyond 3,000 AU were
removed from the simulation. The particles and giant
planets were integrated for an additional 3.8 Gyr with
SWIFT RMVS3 (Levison & Duncan 1994). Because of
significant scattering loss, after 1 Gyr and 3.5 Gyr, the
remaining test particles were cloned three times to en-
sure a sufficiently well-sampled Kuiper belt (effectively
270,000 test particles). The results from the end state of
the 3.8 Gyr B&M scattered disk simulations are utilized
1 The B&M model end state including the particle classifica-
tions for all test particles from 20 < a < 160 AU, as generated in
this work, is available at: doi:10.11570/16.0009.
3in this work; see Brasser & Morbidelli (2013) for more
details on the migration simulation.
2.1. Additional Integrations
In this work, the end state planet and test particle
positions from the B&M simulation were integrated for-
ward 30 Myr in order to determine dynamical classifi-
cations. Additional integrations were necessary because
resonance classification requires more frequent output
than the previous full simulation in order to conclusively
classify the test particles. The Sun, Jupiter, Saturn,
Uranus, Neptune, and test particle end states from the
previous simulation were provided as input for SWIFT
RMVS4 (Levison & Duncan 1994). The particle posi-
tions were recorded every 300 years to ensure sufficient
sampling of the resonant angle. During the 30 Myr in-
tegration, the particles between 20 < a < 160 AU were
recorded, to focus on the scattering TNOs as well as
some of the distant resonances.
Neptune’s final semi-major axis from the B&M simu-
lations was ∼0.8 AU farther from the Sun than the true
position of Neptune. After the simulations completed,
the semi-major axes of all objects in the B&M simula-
tion were adjusted to correspond with their locations if
Neptune’s semi-major axis were the current actual value,
using a scale factor of 30.047/30.8 (a scaling of < 2.5%).
Because everything in the simulation is shifted by the
same factor, the dynamics of all planets and test par-
ticles remain the same. This adjustment was done to
facilitate direct comparison with the Solar System, and
for the remainder of this work, the positions discussed
for Neptune, the test particles, and the mean-motion
resonances in the simulations are the scale of the Solar
System today.
2.2. Particle Classifications
The subpopulations determined here are compared
with survey detections from Petit et al. (2011, 2016)
and Alexandersen et al. (2016), so a classification scheme
consistent with those survey classifications is used (from
Gladman et al. 2008). Figure 1 shows a plot of all clas-
sified test particles. The primary goal is to describe the
behavior of the test particles at the start of the addi-
tional integrations, to characterize the B&M model ‘end
state.’
A classification of resonance requires an oscillation of
the resonant angle, φpq, over time, where p and q are in-
tegers, and φpq describes the p:q mean-motion resonant
angle. Each particle whose semi-major axis is within
1.5 AU of a Neptune resonance location had the rele-
vant resonant angle computed:
φpq = pλ− qλN − (p− q)$. (1)
The particle mean longitude is λ = Ω + ω +M, Ω is
the longitude of the ascending node, ω is the argument
of pericenter, and the longitude of perihelion is $ =
Ω + ω. λN refers to the mean longitude of Neptune. If
φpq oscillates instead of circulates, then the test particle
is classified as resonant.
Diagnosing resonance based on a visual inspection is
straightforward, but an automated detection method is
required for large numbers of particles. A spectrogram
analysis was used on a series of windows to identify os-
cillation in φpq over time (Shankman et al. 2017). The
behavior of φpq in overlapping windows of 5 Myr was
analyzed using a fast Fourier transform (FFT). If a par-
ticle’s φ was resonant for all windows it was classified
as stable; unstable particles only displayed oscillations
in a subset of windows. If an object was resonant, the
libration amplitude (maximum to minimum φpq oscilla-
tion) and libration center (median value of φpq) of the
particle were calculated.
In this simulation all test particles beyond 34 AU, the
original extent of the implanted disk, must have been
scattered by Neptune. ‘Scattering objects’ specifically
refers to the dynamically unstable objects in the simu-
lation, particles that experience a change in a ≥ 1.5 AU
in the first 10 Myr of the additional integration (Glad-
man et al. 2008). This is intended to refer to objects
that are currently scattering, instead of the ‘scattered’
or ‘scattered disk’ classification which refers to objects
that were scattered in the past, a difficult criterion to as-
sess in real TNOs. Objects that exhibit semi-major axis
evolution and have a < 30 AU are classified as Centaurs.
If a particle is not currently scattering or resonant,
then the particle is classified based on its current a, e,
and i values. Objects are classified as main classical if
they are between the 3:2 and 2:1 resonance, 39.4 AU –
47.7 AU, and have eccentricities e < 0.24. Inner classi-
cal objects are found between Neptune and the 3:2 reso-
nance, 30.04 AU – 39.4 AU with eccentricities e < 0.24.
Test particles beyond the 2:1 resonance at 47.7 AU in the
same eccentricity range are classified as outer classical
objects. Detached objects are particles beyond Neptune
with e > 0.24 that are not scattering or resonant.
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Figure 1. Test particle inclination, i, and eccentricity, e,
distributions with semi-major axis, a, of the end state of the
B&M model. The dashed lines mark resonances where more
than two test particles are found. The opacity of the dashed
lines scales with the number of particles in the resonance.
The large number of inner and main classical objects is ap-
parent. The outer classical objects are consistent with em-
placement through resonance dropout, similar to the slightly
larger e detached objects. The solid lines indicate specific
pericenter locations, q of 35 and 40. Neptune is indicated by
the large dark blue circle.
53. COMPARING THE B&M MODEL TO THE
SOLAR SYSTEM
3.1. Direct Model Comparison
The subcomponents of the B&M simulation results
are directly compared to the CFEPS L7 model, the or-
bital element distributions and absolute population sizes
of different TNO components based on the CFEPS de-
tections and detection biases (Petit et al. 2011; Glad-
man et al. 2012) and other models based on CFEPS
(Shankman et al. 2013; Pike et al. 2015; Shankman et al.
2016). The L7 model is consistent with the CFEPS de-
tections, but is not uniquely consistent; for example, an
equally consistent model could contain additional popu-
lations at very large pericenters entirely undetectable by
the surveys. As a result, agreement between the B&M
simulation and the L7 model implies that the B&M sim-
ulations must be consistent with the detections, while
disagreement with the L7 model does not necessary
require that the B&M simulation results are inconsis-
tent with real detections. To mitigate this issue, the
B&M model is tested both against the L7 model and di-
rectly against the survey detections using the Anderson-
Darling (AD) statistical test2.
3.2. Comparing the B&M model to Real TNO
Detections
To facilitate direct comparison of the orbital distribu-
tions from the end state of B&M to real TNO detections,
an observational bias is applied to the B&M simulation
particles using a survey simulator. The survey simula-
tor uses survey detection characteristics (pointings, de-
tection efficiencies, tracking efficiencies, etc.) to deter-
mine which input model objects would have been de-
tected by the survey (Kavelaars et al. 2009). The B&M
“observed” test particles are compared to the detections
from the CFEPS ecliptic (Petit et al. 2011) and high lat-
itude (Petit et al. 2016) surveys as well as the Alexander-
sen et al. (2016) survey. In both plots where B&M sim-
ulation particles are compared to real TNOs, the TNOs
are the characterized detections from these surveys. To
determine the acceptability of the B&M particles as a
model of the populations, the survey simulator-biased
test particles are compared to the real TNO detections.
The B&M simulation results were used as the input or-
bital model for the CFEPS survey simulator. Conduct-
ing a survey simulator analysis of a simulation output
requires a large number of orbit samples. The simula-
tion particles were cloned, preserving a, e, i, and in the
case of resonant objects, the resonant angle (φ), while
2 See Jones et al. (2006) for an explanation of comparing cumu-
lative parameters and how the AD statistic is used for rejection.
randomizing the position angles (ω, Ω, and M). This
cloning ensures a sufficient number of simulated detec-
tions; objects are randomly drawn until a larger sample
than the known TNOs is ‘detected’ to ensure the pa-
rameter space is sufficiently well sampled.
In order to determine the detectability of the B&M
orbital model, an absolute magnitude, H, distribution
for the particles is assumed. This is a proxy for object
size, which is not directly measurable for unresolved ob-
jects. H distributions are typically parameterized as an
exponential, equivalent to a single power law in diame-
ter; in differential form the single power law has a single
slope of α:
dN/dH ∝ 10αH . (2)
Shankman et al. (2013, 2016) describes a broken H-
distribution by joining two different differential sin-
gle slopes, αbright and αfaint, at a specific magnitude,
Htransition. In addition to the change of slope, they
also propose a sudden drop (a ‘divot’) in number den-
sity after the transition, parameterized as the contrast,
c. (A contrast of one has no drop and is referred to
as a ‘knee’ in the literature.) The survey detections
used in this work are primarily in g-band, so Hg, ab-
solute magnitude in g band is used. The B&M simula-
tion particles are assigned an absolute brightness, Hg,
from three different size distributions from the litera-
ture. These are: a single slope of α = 0.9 as in Gladman
et al. (2012); a knee distribution with αbright = 0.87,
αfaint = 0.2, and Hg−transition = 8.35 as in Fraser et al.
(2014), converted to g using g− r=0.65 from Petit et al.
(2011); and a divot distribution with αbright = 0.8,
αfaint = 0.5, Hg−transition = 9.0, and a contrast c = 5.6
as in Shankman et al. (2013). For the majority of the
B&M populations the choice of size distributions had no
impact on the conclusions, so for these populations only
the knee distribution is presented.
The survey simulator biased B&M model reflects the
detectability of different populations, see Figure 2. The
selection biases which complicate TNO population stud-
ies are apparent when comparing Figure 1 and Figure 2.
The closest objects dominate the simulated detections.
The fraction of detached objects detected is significantly
smaller than other populations, because of their large
pericenters. The choice of size distribution model affects
the expected number of detections roughly as a function
of perihelion distance. The single slope produces more
small object detections per each large object, so for the
same number of simulated detections, a single slope dis-
tribution results in more low-a and large-H detections,
while a knee or divot distribution is more likely to have
larger-a and low-H detections. The survey simulator
biased results for several TNO subpopulations are pre-
6sented in Section 4.
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Figure 2. Similar to Figure 1, inclination, i, and eccentricity,
e, distribution with semi-major axis, a, of the B&M simula-
tion end state biased using a survey simulator. The 30,000
particles shown were ‘detected’ by the survey simulator using
the Petit et al. (2011, 2016) and Alexandersen et al. (2016)
survey pointings with H magnitudes randomly assigned from
a single slope H-magnitude distribution with α = 0.9. This
plot includes only detections with Hg < 8, which roughly
corresponds to > 170 km in diameter. The significant selec-
tion effects of TNO surveys are apparent; the inner classical
and close resonances are much easier to detect compared to
more distant populations. The knee and divot distributions
show qualitatively similar detection biases.
74. RESULTS: POPULATIONS OF THE OUTER
SOLAR SYSTEM
Using the methods described in Section 2.2, the end-
state orbits of the test particles in the B&M simulations
were placed into orbital classes. The full population
statistics for the B&M model are summarized in Table
1 and the model objects’ orbital distribution is plotted in
Figure 1. Several subpopulations are discussed in detail
here.
Table 1. Test Particle Classifications
Classification Number of Particles Fraction of Total
Resonant 3,910 42%
Inner Classical 871 9%
Main Classical 1,943 21%
Outer Classical 181 2%
Scattering 535 6%
Detached 1,921 21%
Centaurs 5 0.05%
Total Particles 9,366 100%
4.1. Scattering Objects
The B&M scattering objects populate the considered
region from 24–155 AU at a nearly constant rate over
semi-major axis. These objects are shown in Figure
3, and their distribution in a, e, and i is statistically
consistent with the model of scattering objects used by
Shankman et al. (2013, 2016). The Shankman et al.
(2013, 2016) scattering object model used orbital pa-
rameters based on the simulation results from Kaib et al.
(2011). The scattering objects from Kaib et al. (2011)
were produced by a significantly different planetary mi-
gration and evolution scenario, however the signatures
in the orbital structure produced by the specific mi-
gration in the scattering objects are not statistically
distinguishable. Based on comparing these scattering
object orbital element distributions, we conclude, as in
Shankman et al. (2013), that the specifics of planetary
migration do not strongly affect the scattering popula-
tion.
Of the populations considered in this work, the scat-
tering objects are the most sensitive to the choice of size
distribution. The detectability of scattering objects with
the divot, knee, and single slope size distributions ap-
plied to the B&M simulation scattering objects is shown
in Figure 3 (see Equation 2 for details). Previous work
from Shankman et al. (2013, 2016) finds that the sin-
gle slope is rejectable for the scattering objects, and the
divot is the preferred model (although several knee dis-
tributions are acceptable).
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Figure 3. The cumulative fraction of scattering objects in
the B&M simulation with the a, e, and i values are indi-
cated with the blue (dashed) line. The green (dash-dot) line
indicates the model used to represent the unbiased model dis-
tribution from Shankman et al. (2013, 2016), which is consis-
tent with the blue (dashed) B&M simulation end state. The
B&M particles were assigned three different H-magnitude
distributions: the single slope (SS), knee, and divot. The
particles were then biased using the survey simulator. The
magenta ‘x’ marks indicate actual detections from the sur-
veys simulated, for comparison with the B&M biased simula-
tion results. The observed orbital element distributions are
better matched by the knee or divot size distributions than
the single slope.
The biased B&M simulation with the single slope,
knee, and divot H-distributions all provide a statisti-
cally acceptable semi-major axis distribution match for
the real detections. The single slope results in a signif-
icantly worse eccentricity distribution, nearly rejectable
by the AD statistic. The knee and divot e-distributions
are non-rejectable. The B&M model does not include
any retrograde objects; these retrograde objects are re-
8turning Oort cloud objects (Brasser et al. 2012) which
were excluded from the simulation, so the lack of ret-
rograde objects does not invalidate the model. When
the detected retrograde TNO (from Petit et al. (2016)
at i > 90◦ in Figure 3) is excluded from the analysis, the
inclination distribution of the three H-distributions all
provide an acceptable match. Based on the B&M model
of the a, e, and i distribution of the scattering objects, a
knee (Fraser et al. 2014) or divot (Shankman et al. 2013)
size distribution provides a significantly better repre-
sentation of the real detections than a single slope H-
distribution. The orbital parameters of the B&M scat-
tering objects are consistent with the parameters from
Kaib et al. (2011), confirming that properties of the scat-
tering population are not particularly dependent on the
specifics of the scattering event (Shankman et al. 2013).
The scattering objects in the B&M simulation with a
knee or divot size distribution provide a good model of
this population.
4.2. Resonant Test Particles
The B&M simulation contains 42% resonant test par-
ticles. The B&M model inner resonances are overpopu-
lated relative to the Solar System. This analysis of B&M
resonant test particles focuses on resonances beyond the
main classical belt, including the 2:1 resonance.
The orbital distribution of the B&M resonant particles
at smaller semi-major axes, such as the 3:2, 4:3, and 5:4,
are unlikely to represent the real object distributions be-
cause of the initial B&M simulation design. This is likely
a result of the extended disk of particles before scatter-
ing, which results in some unrealistic sweeping capture.
When the test particles with initial semi-major axes in-
terior and exterior to the final position of Neptune are
considered separately, the a > 30 AU particles are cap-
tured into these closer resonances twice as efficiently as
the a < 30 AU particles. However, the capture efficiency
beyond the 2:1 resonance does not depend on initial par-
ticle a, so all particles are useful in analyzing the distant
populations. Many of the more distant resonant popula-
tions in the B&M simulation provide an excellent match
to observations, as these resonances are populated by
captured scattering objects which are well represented
by the B&M model, in part due to the generic nature of
scattering (see Section 4.1).
The resonance occupation at the end state of the B&M
simulations is presented in Table 2. The resonances with
population estimates from the comparison surveys are
included here; resonances populated in the B&M sim-
ulation but not identified in the surveys are excluded.
The number of test particles in each resonance is re-
ported, as well as the fraction classified as ‘stable’; this
requires that the test particle be resonant for the entire
classification integration of 30 Myr. Unstable resonant
particles are resonant for a minimum of 5 Myr. To assess
the B&M simulation, these resonant B&M populations
are compared to debiased survey results from the lit-
erature, as well as biased using a survey simulator for
comparison with real resonant object detections.
Table 2. Resonance Occupation
Resonance Semi-Major Axis Number of Fraction
p:q (AU) Test Particles Stablea
1:1 30.05 4 100%
5:4 34.87 64 100%
4:3 36.40 588 100%
3:2 39.37 1640 99%
5:3 42.24 217 100%
7:4 43.63 67 100%
2:1 47.70 111 97%
7:3 52.86 39 100%
5:2 55.35 337 99%
3:1 62.50 77 85%
4:1 75.71 70 80%
5:1 87.86 19 84%
aParticles are considered stable when resonant for the 30 Myr
integration.
4.3. Comparing Population Sizes: Resonant and
Scattering Objects
A successful model of planetary migration should re-
produce the relative population sizes of the Kuiper belt
resonances. The B&M simulation population ratios are
presented in two ways in this section. In Table 3, the
end state B&M populations are compared to published
debiased literature population estimates. The ‘L-Scale
Factor’, literature scale factor, in this table shows the
factor the simulation would need to be increased by in
order to match the literature estimate, and the 95% un-
certainty in the literature population estimate is trans-
lated into the scale factor 95% uncertainty. For Table
4, the B&M model is biased using the survey simula-
tor and compared to the number of real TNO detec-
tions from the surveys. The ‘B-Scale Factor’, or biased
scale factor, is the median number of times the model
of that dynamical sub-class must be sampled in order
to produce the number of real detections listed, with
95% confidence intervals from the population estimate
distributions. These scale factors indicate the factor by
which the starting disk would have to be increased in
order to result in the appropriate population size. In
each table, when the populations have similar scale fac-
tors (with overlapping uncertainty) this indicates that
9these populations are produced consistently within the
B&M model and scale factor agreement between the ta-
bles indicates that the population size is consistent by
both methods.
The population sizes of the B&M model sub-
components are compared to population estimates of the
resonances from carefully characterized surveys (Petit
et al. 2011; Alexandersen et al. 2016; Bannister et al.
2016; Petit et al. 2016). The population estimates
(Gladman et al. 2012; Pike et al. 2015; Alexandersen
et al. 2016; Volk et al. 2016) were calculated by creating
a parametric model of the resonance, then using the sur-
vey simulator to forward bias the model to statistically
compare it to the observations. (See Gladman et al.
(2012) or Volk et al. (2016) for a detailed explanation of
the paramaterization.) The size of the underlying popu-
lation necessary to generate the number of detections in
the survey is the estimated size of the population. The
population estimates for many resonances explored by
these surveys are summarized in Table 3.
Table 3. Literature Estimates of Resonant Populations from
Surveys
Resonance a B&M Simulation Population Estimate Survey; Source
p:q (AU) L-Scale Factora N(Hg < 8)
1:1 30.05 5.0+20−4 10
+40
−9 Alexandersen et al. (2016)
b
5:4 34.87 0.4+2.4−0.36 10
+60
−9 CFEPS; Gladman et al. (2012)
4:3 36.40 0.4+0.4−0.32 70
+100
−50 CFEPS; Gladman et al. (2012)
3:2 39.37
1.6+0.6−0.6 1200
+500
−400 CFEPS; Gladman et al. (2012)
1.4+0.6−0.4 1100
+400
−300 Alexandersen et al. (2016)
1.2+0.4−0.4 900
+330
−270 CFEPS+OSSOS
c; Volk et al. (2016)
5:3 42.24 12+12−6 450
+470
−280 CFEPS; Gladman et al. (2012)
7:4 43.63 40+60−20 300
+400
−200 CFEPS; Gladman et al. (2012)
2:1 47.70
20+10−10 340
+200
−220 CFEPS; Gladman et al. (2012)
20+10−10 360
+230
−180 CFEPS+OSSOS
c; Volk et al. (2016)
7:3 52.86 20+40−10 320
+760
−270 CFEPS; Gladman et al. (2012)
5:2 55.35
6+8−4 1100
+1400
−700 CFEPS; Gladman et al. (2012)
4+4−2 770
+680
−420 CFEPS+OSSOS
c; Volk et al. (2016)
3:1 62.50
10+20−8 340
+800
−290 CFEPS; Gladman et al. (2012)
6+8−4 220
+270
−150 Alexandersen et al. (2016)
4:1 75.71 3+10−3 80
+360
−80 Alexandersen et al. (2016)
5:1 87.89 240+420−180 1900
+3300
−1400 CFEPS; Pike et al. (2015)
Note that the 5:3, 4:3, and 3:2 resonances are overpopulated in
the B&M simulation.
aThe ‘L-Scale Factor’ (literature scale factor) indicates how much
the B&M simulation (with Hg < 8.35) must be scaled up to match
the population estimates (Population Estimate scaled to 8.35 ÷
Number of B&M model objects). The uncertainties are the prop-
agated 95% uncertainties from the population estimates.
bPopulation estimate is for the stable Neptune Trojans, as all of
the B&M test particles in this resonance are stable. cOSSOS: the
Outer Solar System Origins Survey (Bannister et al. 2016)
As discussed in the previous section, the B&M simu-
lation was highly efficient at populating resonances in-
terior to the classical Kuiper belt compared to those
beyond the 3:2, causing an overpopulation in the 5:4,
4:3, and 3:2 resonances (see Table 3). These low-a res-
onances include a component captured by resonance
sweeping. The initial planetesimal disk extended to
33.2 AU, contrary to expectations about the real proto-
planetesimal disk. The starting conditions for Neptune
in the B&M simulation placed the 5:4 resonance and
the 4:3 resonance within the initial disk before plane-
tary migration. The 3:2 resonance was just beyond the
original extent of the implanted disk, but the test par-
ticles had sufficient eccentricity to reach an apocenter
crossing this resonance, so sweeping may still be effec-
tive. The B&M 5:4, 4:3, and 3:2 resonances are the only
resonances that include a significant number of particles
swept into resonances, resulting in too high a capture
efficiency, so these populations are not representative of
the real TNOs.
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The number of objects in many B&M resonant pop-
ulations (2:1, 7:3, 5:2, 3:1, 4:1) and the population es-
timates from Gladman et al. (2012), Volk et al. (2016),
and Alexandersen et al. (2016) are consistent. The L-
scale factors for these populations in Table 3 are con-
sistent with each other and notably agree with the ob-
servational survey results from Gladman et al. (2012)
and Volk et al. (2016) that the 5:2 resonance has a large
population.
Table 4. Populations from the B&M model biased using
a survey simulator. The knee H-distribution is presented
because the effects of different H-distributions are minimal.
Sub- a B&M/Survey Survey
population
(p:q)
(AU) B-Scale
Factora
Detectionsb
1:1 30.05 4 +20−4 1
5:4 34.87 0.2 +0.8−0.2 1
4:3 36.40 0.2 +0.3−0.1 6
3:2 39.37 0.8 +0.3−0.2 42
5:3 42.24 2.5 +1.8−1.2 12
7:4 43.63 5 +6−3 5
2:1 47.70 10 +8−5 9
7:3 52.86 3 +6−2 2
5:2 55.35 1.4 +1.4−0.7 8
3:1 62.50 11 +15−7 4
4:1 75.71 6.6 +31−6.4 1
5:1 87.89 180 +330−140 3
Scattering 20–155 5 +4−2 12
aThe ‘B-Scale Factor’ (biased scale factor) is the number of
times the B&M model of the selected population with the knee
size distribution must be sampled by the survey simulator to
generate the number of detections found by the surveys. The
95% uncertainty quoted is calculated by randomly resampling the
population. The simulated detections were counted to Hg <8.35,
the knee in the size distribution.
bTotal number of detections as found by Gladman et al. (2012),
Petit et al. (2016), and Alexandersen et al. (2016) surveys.
To avoid relying on the specific orbital distributions
from the survey population models, the B&M model
is biased using the survey simulator (see Section 3.2).
Some of the published survey population estimates have
large 2σ uncertainties. The biased B&M model output
is presented in Table 4. The scale factors for the knee H-
magnitude distribution are presented; the choice of size
distribution made no statistically significant difference
in the results.
The n:1 resonances are likely populated by the capture
of scattering objects, so if the B&M model accurately re-
produces the scattering population it should reproduce
the n:1 population statistics as well. The relative sizes
of the scattering object population and some of the n:1
resonance populations in Table 4 are consistent with ob-
servations. For the real survey detections, the scattering
/ 3:1 / 4:1 populations have a ratio of 12 / 4 / 1; the
biased B&M simulation gives a consistent ratio of 20
/ 5 / 1 before conversion to the scale factor. The B-
and L-scale factors (∼5-10) between the detections and
the model are within uncertainties for these populations.
The B&M model for the scattering objects, 3:1, and 4:1
resonance is self-consistent.
4.4. The Large Population of 5:1 Resonators
Pike et al. (2015) investigated the 5:1 Neptune res-
onance using both real and simulated detections. The
three real TNO detections were found by CFEPS (Petit
et al. 2011, 2016) and a population model was created
based on the constraints provided by the detections and
the survey characterization. The parametric model of
the 5:1 resonance from Pike et al. (2015) is consistent
with a minimum population estimate based on the or-
bital distribution of 5:1 resonators from the B&M model.
In the B&M evolution, the 5:1 resonance is populated
by the same mechanisms as the 3:1 and 4:1 resonances,
but both the L- and B-scale factor comparisons show
that the B&M model significantly under-predicts this
population compared to survey estimates and discover-
ies (Pike et al. 2015). If the B&M model is correct,
the efficiency of detection for the 5:1 resonance would
be extremely low; producing three 5:1 detections in the
surveys would result in ∼ 1, 000 scattering object detec-
tions. In order to be consistent with the B&M scattering
/ 3:1 / 4:1 populations, the 5:1 B&M population would
need to be ∼ 20 − 100× larger, requiring an unreason-
ably large starting planetesimal disk. The detections
in the 5:1, and thus the large population in that reso-
nance, requires a different population source. This con-
firms that the extremely large population estimate for
the 5:1 found by Pike et al. (2015) is unexplained by the
currently explored models.
The 5:1 resonance is significantly underpopulated in
the B&M simulation compared to expectations from sur-
vey results. Pike et al. (2015) predict an enhancement
of a factor of ∼ 50− 100 compared to the local scatter-
ing objects, but this is not confirmed in typical Kuiper
belt formation models (Hahn & Malhotra 2005; Levison
et al. 2008). The non-resonant populations in the B&M
model within ±5 AU of the 5:1 resonance (89 AU) in-
clude 54 scattering and 159 detached test particles. This
is a linear density of 5 scattering and 16 detached objects
per AU. The B&M 5:1 resonance has 16 particles, with
an approximate width of 1 AU it is ∼ 3 times denser
than the scattering object population and comparable
in density to the detached population, inconsistent with
the enhancement predicted by (Pike et al. 2015).
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Figure 4. These are the 5:1 resonators in the B&M simu-
lation (blue dashed) as well as the parametric model from
Pike et al. (2015, green dash-dot) and the toy inclination
model from Pike et al. (2015, turquoise dash-dot). The toy
model was proposed to explore the possibility of an exclu-
sively large-i population, σi = 7
◦ and µ = 35◦. The ma-
genta ‘x’ detections are the real 5:1 objects discovered in Pe-
tit et al. (2011, 2016). The model eccentricity distribution
has an appropriate upper limit, but the B&M results suggest
the eccentricity is not truncated at 0.5. Also plotted are the
results of biasing the B&M simulation using the survey sim-
ulator and the knee H-magnitude distribution. The biased
population does not include a significant low-e component,
reflecting the difficulty of observing the low-e particles at
large-a. The preferred inclination distribution with σi = 22
◦
is an acceptable match for the B&M test particles.
The eccentricity and inclination distributions of the
5:1 resonators from the B&M model and the parametric
model distributions from Pike et al. (2015) are similar,
shown in Figure 4. The upper limit of the eccentricity
distribution is a good match, however the B&M simula-
tion has test particles in the range 0.35 < e < 0.62, ex-
tending to lower eccentricities than the model from Pike
et al. (2015). If the B&M simulated population distribu-
tion is representative of the real 5:1 resonators, the Pike
et al. (2015) eccentricity distribution underestimates the
population size by ∼35%. The AD statistic shows that
the eccentricity distribution of the biased B&M 5:1 res-
onators is consistent with detections. Inclination distri-
butions have been found to be well modeled using the
distribution sin(i)× exp
(−(i− µ)2
2σ2i
)
, including a peak
shift, µ, as well as the width, σi (Brown 2001; Gulbis
et al. 2010; Pike et al. 2015). The preferred inclination
width σi = 22
◦ from Pike et al. (2015) is consistent with
the B&M model results. The toy model from Pike et al.
(2015) with an inclination width of σi = 7
◦ shifted to
a center of µ = 35◦ under-predicts the i < 35◦ portion
of the i-distribution in the B&M model. Overall, the e-
and i- distributions of the B&M test particles in the 5:1
resonance compares favorably to the preferred parame-
terization of the 5:1 resonators by Pike et al. (2015).
The three 5:1 detections in CFEPS imply a large pop-
ulation that is inconsistent with the B&M model; the
source of the 3σ discrepancy between these published
results is unclear and will only be resolved through ad-
ditional observations or modeling. Minor model differ-
ences, such as the assumptions by Pike et al. (2015) of
a smaller asymmetric libration fraction and eccentric-
ity distribution than the B&M model, only result in a
larger population estimate, and therefore cannot recon-
cile the two estimates. It is possible that some additional
dynamical population mechanism not included in B&M
emplaces objects into the 5:1 resonance. The discovery
of new 5:1 resonators (or a lack of new resonators) in
ongoing and future surveys, such as OSSOS (Bannister
et al. 2016), may identify other issues with the 5:1 res-
onator model parameterization or reduce the population
estimate. The large population in the 5:1 resonance re-
mains unresolved, with the B&M simulation results un-
able to explain this enhancement identified from survey
results.
4.5. Initial Disk Mass
For the Levison et al. (2008) simulation, planetary
migration is driven by an initial disk estimated to be
∼ 35 M⊕. Nice model simulations have used a range
of masses, ∼ 18 − 35 M⊕ (e.g. Nesvorny´ & Morbidelli
2012). The slow evolution of the giant planets is driven
by a gradual leaking of planetesimals until the insta-
bility caused by giant planet encounters begins. These
encounters cause significant mass loss in the disk; a fac-
tor of ∼10 removal of the disk mass during these giant
planet encounters is consistent with the rapid decay of
the mass in a Nice model scenario (Booth et al. 2009).
The B&M simulation begins after the last encounter be-
tween the ice giants, after significant mass loss from the
initial ∼ 35 M⊕ disk has occurred.
With the assumption of a size distribution for the par-
ticles in the B&M model (see Section 3.2), the mass of
the planetesimal disk at the start of the B&M simulation
can be determined based on this distribution and the
number of particles. This mass may need to be scaled
up by some factor in order to correctly reproduce the
final mass in the Kuiper belt. The scale factors have
already been calculated in Section 4.3. For planetesi-
mals with a knee H-distribution, because of the shallow
slope after Hg=8.35 (the location of the knee), the ob-
jects larger than the knee effectively contain all of the
mass. Assuming an albedo of 5%, Hg=8.35 corresponds
to an object diameter of 160 km. For 30,000 particles
larger than the knee in the size distribution and up to
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Figure 5. The B- and L-scale factors and the corresponding
starting disk masses are shown here (from Tables 3 and 4).
As in Section 4.3, the L-scale factor compares the size of the
B&M model to the size of literature models, and the B-scale
factor compares the survey simulator biased B&M model to
real TNO detections from surveys. The disk mass is calcu-
lated based on the scaling of the starting disk particles in
order to emplace a sufficient number of TNOs in the partic-
ular population. The 5:4, 4:3, and 3:2 resonances all have
too small a scale factor and starting disk mass, while the 5:1
resonance starting disk mass is much too large. The 2:1, 3:1,
4:1, and scattering populations predict starting disk masses
that are consistent with expectations.
2400 km diameter (∼Pluto), assuming a density of 1.5
g/cm3, the mass of the disk of particles is 3.1×1023 kg.
Because of the cloning during the simulation, the start-
ing planetesimal disk is increased by a factor of 9 (to
270,000 particles), so the mass is 3×1024 kg, ∼0.5 M⊕.
This planetesimal mass can be scaled to match the num-
ber of starting particles needed to produce the survey
detections; for the well-modeled populations this is a
factor of 5-10 (see Section 4.3), which corresponds to a
starting disk mass of 2-5 M⊕ for the B&M simulation.
Figure 5 shows the range of scale factors and masses for
the different populations. This post-instability mass of
2-5 M⊕ predicted by the B&M simulation results from
depletion of the initial planetesimal disk; in Nice model
type scenarios this initial mass is 18-35 M⊕ implying
a factor of ∼ 10 depletion during the instability, con-
sistent with expectations based on Booth et al. (2009).
The initial disk masses of ∼ 20 M⊕ from Nesvorny´ &
Morbidelli (2012) resulting from wide initial configura-
tions of the planets requires less depletion, but only a
factor of ∼4–10. Therefore we find that the mass scale
required for Nice model type scenarios is consistent with
the observed Kuiper belt today.
5. DISCUSSION AND CONCLUSIONS
In this work, the results of the B&M Nice model sim-
ulation were compared with well-characterized surveys:
CFEPS (Petit et al. 2011, 2016), OSSOS (Bannister
et al. 2016), and Alexandersen et al. (2016). These com-
parisons test the effectiveness of a cosmogonic model in-
volving Neptune scattering (similar to the Nice model)
in creating a detailed Kuiper Belt that matches the real-
ity observed today. For some resonant populations, this
Nice model scenario provides a reasonable match, partic-
ularly resonances populated through scattering capture
(3:1, 4:1), but for others the model does not produce an
acceptable population distribution (3:2, 4:3, 5:4).
The closest resonances (3:2, 4:3, and 5:4) are popu-
lated too efficiently in the B&M simulation. This results
from the extended intial planetesimal disk, with par-
ticles from 28.2 to 33.2 AU. The particles with initial
conditions exterior to Neptune’s final semi-major axis
were captured into these resonances with twice the effi-
ciency of particles which started at smaller semi-major
axes. Previous work has argued that the planetesimal
disk could not have extended beyond ∼ 30 AU in or-
der to halt Neptune’s migration at its current position
(Gomes et al. 2004). However, this work shows that the
planetesimal disk also could not have extended beyond
∼ 30 AU with constant density because capture into
the 3:2, 4:3, and 5:4 resonances would have been too
efficient compared to the populations observed in these
resonances today.
The size of the B&M population in the 5:1 resonance
is severely underpopulated compared to the other reso-
nant populations and the scattering objects in the B&M
model. Pike et al. (2015) calculated that the 5:1 pop-
ulation is likely as populous as the 3:2 resonance based
on TNO detections in Petit et al. (2011, 2016). The
B&M simulation produces acceptable population ratios
between the 3:1, 4:1, and scattering populations. The
5:1 resonance is populated in the same manner as the 3:1
and 4:1 resonances, however the B&M simulation pro-
duces far too few 5:1 resonators compared to the num-
ber of detected TNOs from CFEPS and the model by
Pike et al. (2015). The B&M simulation results were
compared with the de-biased CFEPS models of the 5:1
and scattering population, and the B&M simulation re-
sults were biased using the CFEPS survey simulator and
compared to the detections. In both comparisons, the
small size of the 5:1 resonance in the B&M simulation
is incompatible with the three 5:1 detections. The in-
clusion of an additional planet in the Kuiper belt region
would only result in smaller populations in the 5:1 res-
onance (Lykawka & Mukai 2008). In order to resolve
this discrepancy between published models, the pop-
ulation in the 5:1 resonance must have an additional
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source and population mechanism or additional survey
results may reveal additional information about the pop-
ulation which reduces the detection frequency and pop-
ulation estimate. The large observed population of 5:1
resonators in the Kuiper belt remains unexplained.
The resonant objects are a good test of the accuracy
with which the B&M simulation reproduces the Kuiper
belt; they account for 42% of the test particles and are
sensitive to the specifics of migration (e.g. Gomes et al.
2004; Hahn & Malhotra 2005; Nesvorny´ 2015a,b). Sev-
eral of the resonant test particle populations do not have
a hot enough inclination distribution, a common issue
in dynamical evolution models (Gladman et al. 2012),
however the more distant resonance inclination distri-
butions are well matched by the B&M simulation. The
simulated eccentricity distributions are consistent with
the data, and may provide a useful model basis for the
more distant resonances which have significantly fewer
detections. These high-a resonances in the B&M sim-
ulation often lack a low-e component, typically omit-
ted from population models for detectability concerns
(Gladman et al. 2012; Pike et al. 2015; Volk et al. 2016;
Alexandersen et al. 2016), which suggests that the prac-
tice of omitting these nearly undetectable low-e objects
from population models does not invalidate these popu-
lation estimates.
The B&M simulation results in an acceptable model
of the populations in the Kuiper belt created primarily
through capture of objects scattered by Neptune, but
also reveals some of the areas where improvement is nec-
essary. Resonant populations which include the capture
of particles through resonance sweeping do not match
the parametric distributions of real TNOs from charac-
terized surveys. However, the outer resonant popula-
tions and the scattering, detached, and outer classical
populations are an informative comparison sample for
real TNOs. Overall, the B&M simulation provides a
good model of the population sizes and orbital distri-
butions of the distant components of the Kuiper Belt,
and provides us with the ability to make the most de-
tailed comparisons between the model and reality to
date. More simulation work is needed to reproduce the
detailed structure in the outer Solar System, including
a variety of planet and test particle starting conditions
and migration paths, and with the availability of char-
acterized survey results, these simulation results can be
statistically tested against real TNO detections.
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